Published by Institute of Physics Publishing for SISSA/ISAS Received: November 11, 2003 Revised: March 3, 2004 Accepted: March 3, 2004

D = 2, N = 2, supersymmetric theories on non(anti)commutative superspace

Bhamidipati Chandrasekhar and Alok Kumar

Institute of Physics Bhubaneswar 751 005, India E-mail: chandra@iopb.res.in, kumar@iopb.res.in

Abstract: The classical action of a two dimensional N = 2 supersymmetric theory, characterized by a general Kähler potential, is written down on a non(anti)commutative superspace. The action has a power series expansion in terms of the determinant of the non(anti)commutativity parameter C^{αβ}. The theory is explicitly shown to preserve half of the N = 2 supersymmetry, to all orders in (det C)^n. The results are further generalized to include arbitrary superpotentials as well.

Keywords: Field Theories in Lower Dimensions, Sigma Models, Extended Supersymmetry, Superspaces.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep032004013 /jhep032004013 .pdf

Contents

1. Introduction 1

2. Non(anti)commutative superspace 3 2.1 D = 2, N = 2 superspace 3 2.2 σ-models and Kähler geometry 6

3. N = 2 supersymmetric theory on non(anti)commutative superspace 7 3.1 Classical action 7

4. Supersymmetry 13 4.1 Superpotential 16

5. Discussion 17

A. Proof of relevant identities 18

1. Introduction

Field theories on noncommutative spaces have been studied extensively in the past few years (for a lucid review and full list of references, see [1]), even more so, after their appearance in certain limits of String and M-theories [2]–[4]. Noncommutativity of the bosonic space-time coordinates emerges on a D-brane worldvolume, when a constant NS-NS two form field is turned on. The study of classical, as well as the quantum aspects of noncommutative field theories has thrown in many surprises, both at the perturbative and nonperturbative level. The most notable ones being, UV/IR mixing [5, 6], noncommutative solitons [7], quantum Hall fluid [8] etc.

Considering the emergence of such interesting concepts, it is natural to seek a generalization of the idea of noncommutativity to be applicable to wider situations. An obvious thing to check is the possibility of having non(anti)commutativity between the superspace coordinates. Indeed, in the context of Dijkgraaf-Vafa correspondence [9] relating N = 1 supersymmetric gauge theories and matrix models, it was suggested [10]–[13], that non(anti)commutativity of superspace coordinates naturally appears on a D-brane worldvolume, this time due to the presence of Ramond-Ramond 2-form field strength in ten dimensions or equivalently, a self-dual graviphoton field strength in four dimensions. Interestingly, the bosonic coordinates still commute, but the fermionic superspace coordinates do not anticommutate and instead, satisfy a clifford algebra {θ^α, θ^β} = C^{αβ} [14]–[23]. Recently it was shown in [13], that such theories with N = 1 supersymmetry in D = 4

– 1 – are consistent and Lorentz invariant at the classical level. A surprising aspect is that the non(anti)commutativity parameter C appears explicitly in the superalgebra, and breaks half of the supersymmetry. Consequently, the superspace itself becomes half supersymmetric.

The ensuing studies [24]–[45], have explored the idea of non(anti)commutativity of superspace coordinates, in connection with matrix models [27, 29, 35], soliton and instanton solutions [41, 42], UV/IR mixing [31] etc.. At the quantum level, sufficient work has been devoted to the perturbative study of supersymmetric gauge theories and Wess-Zumino model with N = 1 supersymmetry in four dimensions [26, 37, 40, 43]. Regarding these models, certain (non)renormalization theorems have been proved [31] and also renormalizability [32]–[34] to all orders in perturbation theory has been shown. Furthermore, four dimensional gauge theories with N = 2 supersymmetry have also been formulated on a non(anti)commutative superspace [38, 39].

Although, much of the focus has been in connection with the N = 1, 2 supersymmetric models in four space-time dimensions, it is both interesting and important to explore the effects of non(anti)commutativity in more general contexts. Especially, D = 2 offers an interesting arena where nonlinear σ-models have been studied in great detail. The relation of ultraviolet structure of Bosonic σ-models to the target manifold on which they are defined has also been explored [46]. Recently, noncommutative nonlinear σ-models have also been studied in considerable detail [47]–[51].

It is well known that supersymmetric generalization of Bosonic σ-models, unveiled deep connections between the complex manifold theory and supersymmetry [52]–[62]. The restriction on the type of manifolds compatible with extended supersymmetry has compelled the study of Kähler manifolds, besides leading to the construction of new, previously unknown manifolds [59]. To be precise, in connection with the supersymmetric extension of Bosonic σ-models, it was shown by Zumino [52], and by Alvarez-Gaumé and Freedman [53]–[56], that N = 1 supersymmetry is possible on any arbitrary manifold, but N = 2 supersymmetry requires the manifold to be Kähler and N = 4 supersymmetry can only be realized if the manifold is hyperKähler. Remarkably, Kähler geometry has proved to have strong implications for the renormalizability of N = 2 supersymmetric σ-models defined on either riemannian or Kähler manifolds [54]–[56].

Also, the importance of N = 2 supersymmetric sigma model in the context of N = 2 strings is well known [63]–[66]. In the recent past, noncommutative N = 2 strings have also been discussed [67, 68]. Motivated by the above results, in this paper, we explore the implications of Kähler structure for two dimensional N = 2 supersymmetric theories on a non(anti)commutative superspace.

The rest of the paper is organized as follows. In section 2, we present our N = 2 (D = 2) non(anti)commutative superspace, while also reviewing certain general properties of Kähler manifolds. In section 3, we obtain the classical action for an N = 2 supersymmetric theory defined by an arbitrary Kähler potential of a single chiral and antichiral superfield and show the emergence of a power series expansion in (det C). In section 4, we discuss the supersymmetry properties of our theory and generalize the results to include the superpotential. Conclusions and discussion are presented in section 5.

– 2 –

2. Non(anti)commutative superspace

We start by formulating our N = 2 supersymmetric theory, on a non(anti)commutative superspace. In four dimensions, it was noted [17], that the algebra of superspace coordinates can be made non(anti)commutative and also associative only in a Euclidean space-time. Further in [13], it was elucidated that starting from an N = 1 supersymmetric theory, non(anti)commutative algebra can be consistently formulated on a euclidean space. Coming to two dimensions, there is a well known connection between D = 4, N = 1 and D = 2, N = 2 models, suggesting the existence of an associative non(anti)commutative algebra, as also pointed out in [44]. We now define this superspace in D = 2 and continue to use lorentzian signature as in [13].

2.1 D = 2, N = 2 superspace

We begin establishing our notations [63, 69]. The superspace coordinates are denoted by: τ, σ, θ^i_α [63]. Here, τ, σ are space-time labels and θ^i_α are N Majorana spinors which are odd elements of a Grassmann algebra i.e., θ^i_αθ^i_β = −θ^i_βθ^i_α [63]. For later convenience, we define the light-cone coordinates: ξ = 1 2 (τ + σ) , ζ = 1 2 (τ − σ) , (2.1)

and for spinor coordinates, one can invoke the chirality condition using γ_5 in two space-time dimensions [63]: θ^i = 1 2 (1 − γ_5)_{αβ} θ^i_β, χ^i = 1 2 (1 + γ_5)_{αβ} θ^i_β , (2.2)

with [63]:

γ_5 = ( 1 0 0 −1 ) . (2.3)

In what follows, we will be using the complex version of the spinors defined below, which can all be taken to be independent [44]:

θ = θ^1 + iθ^2 , θ̄ = θ^1 − iθ^2 , χ = χ^1 + iχ^2 , χ̄ = χ^1 − iχ^2 . (2.4)

Hence, using the known results for D = 4, N = 1 [13], and D = 2, N = 2 [44], the non(anti)commutativity between the grassmannian coordinates (2.4), can be introduced as shown below: {θ, θ} = C^{00} , {θ, χ} = −C^{01} , {χ, θ} = −C^{10} , {χ, χ} = C^{11} , (2.5) with all other anticommutators of θ, χ, θ̄, χ̄ vanishing. Notice that from eqn. (2.5), we have C^{01} = C^{10} which will be used later. Also,

[θ̄, ξ] = [χ̄, ξ] = 0 , [θ̄, ζ] = [χ̄, ζ] = 0 . (2.6)

– 3 –

An immediate consequence of (2.5) is that, when functions of non(anti)commutative coordinates i.e., θ, χ are multiplied, the result has to be Weyl ordered. This can be systematically implemented, by introducing a star product between the non(anti)commutative coordinates, as defined below [13]: f(θ, χ) ∗ g(θ, χ) = f(θ, χ) exp ( − C^{00} 2 ←− ∂_θ −→ ∂_θ +

C^{01} 2 ←− ∂_θ −→ ∂_χ +

C^{10} 2 ←− ∂_χ −→ ∂_θ − C^{11} 2 ←− ∂_χ −→ ∂_χ ) g(θ, χ). (2.7) = f(θ, χ) [ 1 − C^{00} 2 ←− ∂_θ −→ ∂_θ +

C^{01} 2 ←− ∂_θ −→ ∂_χ +

C^{10} 2 ←− ∂_χ −→ ∂_θ − C^{11} 2 ←− ∂_χ −→ ∂_χ − (2.8) − ( 1 16 det C ) ( ←− ∂_θ ←− ∂_χ − ←− ∂_χ ←− ∂_θ )( −→ ∂_θ −→ ∂_χ − −→ ∂_χ −→ ∂_θ ) ] g(θ, χ) . Coming to the algebra of bosonic coordinates (2.1), it has been noted that if we assume,

[ξ, ξ] = [ζ, ζ] = [ξ, ζ] = 0 , (2.9)

then the supersymmetry remains unbroken, but the supercovariant derivatives do not act as derivations and hence, defining antichiral fields becomes difficult. Alternatively, as pointed out in [13], to define antichiral superfields one works in the chiral coordinate basis defined as: ξ^± = ξ ± i 2 θθ̄ , ζ^± = ζ ± i 2 χχ̄ . (2.10)

To be consistent with the choice in eqns. (2.5) and (2.6), we impose the following relations:

[ξ^−, ξ^−] = [ζ^−, ζ^−] = [ξ^−, ζ^−] = 0 , [ξ^−, θ] = [ξ^−, θ̄] = [ξ^−, χ] = [ξ^−, χ̄] = 0 , [ζ^−, θ] = [ζ^−, θ̄] = [ζ^−, χ] = [ζ^−, χ̄] = 0 . (2.11)

As a consequence, we get the following identities: [ξ, ξ] = 0 = [ζ, ζ] , [ξ, ζ] = 1 4 θ̄χ̄C^{01} , [ξ, θ] = − i 2 θ̄C^{00} , [ζ, χ] = − i 2 χ̄C^{11} , [ξ, χ] = i 2 θ̄C^{01} , [ζ, θ] = i 2 χ̄C^{10} . (2.12)

Now, we can write down the supercovariant derivatives in the chiral basis as:

D_1 = − ∂ ∂θ + iθ̄ ∂ ∂ξ^− , D̄_1 = − ∂ ∂θ̄ , (2.13)

D_2 = ∂ ∂χ − iχ̄ ∂ ∂ζ^− , D̄_2 = ∂ ∂χ̄ , (2.14)

and the supercharges are given as:

Q_1 = − ∂ ∂θ , Q̄_1 = − ∂ ∂θ̄ − iθ ∂ ∂ξ^− , (2.15)

Q_2 = ∂ ∂χ , Q̄_2 = ∂ ∂χ̄ + iχ ∂ ∂ζ^− . (2.16)

– 4 –

We can now write down the algebra of supercovariant derivatives using eqns. (2.13) and (2.14) as:

{D_1, D_1} = {D_2, D_2} = {D_1, D̄_2} = {D_2, D̄_1} = 0 (2.17) {D̄_1, D̄_1} = {D̄_2, D̄_2} = 0 (2.18) {D_1, D̄_1} = −i∂_ξ− , {D_2, D̄_2} = −i∂_ζ− . (2.19)

The above algebra turns out to be same as in the usual superspace. In addition, all the supercovariant derivatives anticommute with all the supercharges. Also, using the definitions given in eqns. (2.15) and (2.16) the supercharges can be shown to satisfy:

{Q_1, Q_1} = {Q_2, Q_2} = {Q_1, Q̄_2} = {Q_2, Q̄_1} = 0, (2.20) {Q_1, Q̄_1} = i∂_ξ− , {Q_2, Q̄_2} = i∂_ζ− , (2.21)

{Q̄_1, Q̄_1} = −C^{00}

∂^2 ∂_ξ− ∂_ζ− , {Q̄_2, Q̄_2} = −C^{11}

∂^2 ∂_ξ− ∂_ζ− . (2.22)

An important aspect of the above algebra, as first noted in [13] is that, Q̄ is no more a symmetry on the non(anti)commutative space, whereas Q still continues to be the symmetry. Since, half of the supersymetry is broken, in our case, the unbroken Q supersymmetry can be termed as N = 2/2 supersymmetry.

Before proceeding, we write down certain identities derived from the star product (2.7) of grassmannian coordinates given in eqn. (2.4), for later use: θ ∗ θ = θθ + 1 2 C^{00} , χ ∗ χ = χχ + 1 2 C^{11} , (2.23) θ ∗ χ = (θχ) − 1 2 C^{01} , χ ∗ θ = −(θχ) − 1 2 C^{10} , (2.24) θ ∗ ( θχ ) = −θ ∗ ( χθ ) = 1 2 ( C^{00}χ + C^{01}θ ) , (2.25) χ ∗ ( χθ ) = −χ ∗ ( θχ ) = 1 2 ( C^{11}θ + C^{10}χ ) , (2.26) ( θχ ) ∗ ( θχ ) = − ( χθ ) ∗ ( θχ ) = − 1 4 (det C) . (2.27)

To construct a superspace action, we need the chiral and antichiral superfields, which we define below. Chiral superfields satisfy D̄_1S = 0 = D̄_2S and can be written as: S(ξ^−, ζ^−, θ, χ) = A(ξ^−, ζ^−) + iθψ̄_L(ξ^−, ζ^−) − iχψ̄_R(ξ^−, ζ^−) − 1 2 i ( θ ∗ χ − χ ∗ θ ) F (ξ^−, ζ^−) , (2.28) where the star product of θ and χ appearing in eqn. (2.28) can be shown to be Weyl ordered after using C^{01} = C^{10}, as shown below: ( θ ∗ χ − χ ∗ θ ) = ( θχ − χθ ) = 2(θχ) . (2.29)

Now, antichiral superfields satisfying D_1S̄ = 0 = D_2S̄ can be written as:

S̄(ξ^+, ζ^+, θ̄, χ̄) = Ā(ξ^+, ζ^+) − iθ̄ψ_L(ξ^+, ζ^+) + iχ̄ψ_R(ξ^+, ζ^+) − iθ̄χ̄F̄ (ξ^+, ζ^+) . (2.30)

– 5 –

It has been pointed out in [13] that, since (ξ^+, ζ^+) do not commute among themselves, one needs to Weyl order functions of these coordinates as well, which is inconvenient. Hence, using the definitions given in (2.10), we expand the antichiral superfield around (ξ^−, ζ^−) coordinates, so that, we only Weyl order the θ’s. Doing so, one ends up with [13]: S̄(ξ^+, ζ^+, θ̄, χ̄) = Ā(ξ^−, ζ^−) − iθ̄ψ_L(ξ^−, ζ^−) + iχ̄ψ_R(ξ^−, ζ^−) + iθθ̄∂_{ξ−}Ā + iχχ̄∂_{ζ−}Ā + + θ̄χ̄ ( −χ∂_ζ− ψ_L − θ∂_ξ− ψ_R − iF̄ + (θχ)∂_ξ− ∂_ζ−Ā ) . (2.31)

Further, the star product does not break chirality. The star product of two chiral superfields is still chiral, as seen below: S(ξ^−, ζ^−, θ, χ) ∗ S(ξ^−, ζ^−, θ, χ) = S(ξ^−, ζ^−, θ, χ)S(ξ^−, ζ^−, θ, χ) + ( 1 4 det C ) F^2 . (2.32)

Besides, it is interesting to note the appearance of the non(anti)commutativity parameter as (det C). One can also check that the star product does not break antichirality as well, i.e., the star product of two antichiral superfields still remains antichiral.

2.2 σ-models and Kähler geometry

Here, we give a brief review of the known results concerning the supersymmetric extension of the Bosonic nonlinear σ-models and also write identities coming from the structure of the Kähler geometry [70, 71].

Let us start by writing down the action for the bosonic nonlinear σ-model on a general even dimensional riemannian manifold M, with a real metric g_i¯_j (z, z̄) and the complex coordinate fields z^i, z̄^j , where i, j = 1, . . . , n, as shown below: I = ∫ d^2x g_i¯_j ∂_μz^i∂_μz̄^j . (2.33)

Constraining the manifold to be hermitean, the unmixed components of the metric vanish, i.e., g_{ij} = g¯_i¯_j = 0 . Moreover, as has been already said, to couple the bosonic σ-model (2.33) to n complex spinor fields and have N = 2 supersymmetric extension, the target manifold has to be Kähler.

The line element on a Kähler manifold can be written locally as:

ds^2 = 2g_i¯_j dz^idz̄^j , (2.34)

where the hermitean metric g_i¯_j can be obtained (locally) as a second derivative (once holomorphic and once anti-holomorphic) of an arbitrary real scalar function (Kähler potential), say, K(z, z̄) as shown: g_i¯_j = ∂ ∂z^i ∂ ∂z̄^j K(z, z̄) . (2.35)

The above definition of metric (2.35), is invariant under Kähler gauge transformations and arbitrary holomorphic coordinate transformations:

K^′(z, z̄) = K(z, z̄) + Λ(z) + Λ̄(z̄) , (z^i)^′ = z^{′i}(z^j ) , (z̄^i)^′ = z̄^{′i}(z̄^j ) . (2.36)

– 6 –

Evidently the metric (2.35) is real and off diagonal with the only nonzero components being g_i¯_j and g¯_{ji}. The non vanishing components of the Kähler metric and their inverses, further satisfy:

g_i¯_j g^{kj̄} = δ^k_i , g^{ij̄} g_i¯_k = δ^{j̄}_{k̄} . (2.37)

From the Kähler condition, ∂_kg_i¯_j (z, z̄) = ∂_ig_k¯_j (z, z̄) , (2.38)

many simplifications occur and very few components of the Christoffel symbols and the Riemann Curvature tensor remain nonzero. We first write down the non vanishing components of Christoffel symbols and the Riemann Curvature tensor in terms of the Kähler potential K(z, z̄):

Γ^i_{jk} = g^{il̄} ∂ ∂z^j ∂ ∂z^k ∂ ∂z̄^l K(z, z̄) , Γ^ī_{j̄k̄} = g^{īl} ∂ ∂z̄^j ∂ ∂z̄^k ∂ ∂z^l K(z, z̄) , R^i_{jk̄l} = g^{im̄} ∂ ∂z^j ∂ ∂z^l ∂ ∂z̄^k ∂ ∂z̄^m K(z, z̄) . (2.39)

Starting from the basic definition given in eqn. (2.35), one can also deduce the following identities:

Γ^i_{jk} = g^{il̄} ∂_j g_k¯_l , Γ^ī_{j̄k̄} = g^{īl} ∂¯_j g¯_{kl} , Γ¯_{ijk} = g¯_{il} Γ^l_{jk} , Γ_i¯_j¯_k = g_i¯_l Γ^{l̄}_{j̄k̄} , R^i_{jk̄l} = ∂¯_kΓ^i_{jl} , R¯_{ij}¯_{kl} = g¯_{im}R^m_{jk̄l} , R¯_{ij}¯_{kl} = R¯_{il}¯_{kj} . (2.40) Furthermore, the Ricci tensor R_i¯_j = g^{mn̄} R_{n̄i}¯_{jm}, is a “Kähler tensor” as it satisfies R_{ij} = R¯_i¯_j = 0 and locally it can be obtained as R_i¯_j = ∂_i∂¯_j ln det(g^{kl̄}).

3. N = 2 supersymmetric theory on non(anti)commutative superspace

In this section, we derive the classical action for N = 2 supersymmetric theories with Kähler structure on non(anti)commutative superspace and then in section 4, show that half of the supersymmetry remains unbroken. In this paper, we restrict ourselves to a single chiral and antichiral supermultiplet. The generalization to include n chiral and antichiral superfields remains a subject of future work.

3.1 Classical action

Continuing the discussion in section 2.2, the most general action for N = 2 supersymmetric theories characterized by a Kähler potential K(S, S̄), where S and S̄ are chiral and antichiral superfields, takes an extremely simple form as shown below: I = ∫ d^2x dθ dχ dθ̄ dχ̄ K(S, S̄) , (3.1) where S and S̄ are chiral and antichiral superfields defined in eqns. (2.28) and (2.31). To obtain the action in terms of the component fields, one expands K(S, S̄) around the bosonic fields, A and Ā. Following this general procedure in our case and using the definitions of chiral and antichiral superfields given in eqns. (2.28) and (2.31), we first explicitly write

– 7 – down the possible terms in the expansion of the Kähler potential K(S, S̄): K(S, S̄) = K(A, Ā) + L ∂K ∂S + R ∂K ∂S̄ + 1 2! L ∗ L ∂^2K ∂S^2 + 1 2! R ∗ R ∂^2K ∂S̄^2 + + 1 2! [L ∗ R] ∂^2K ∂S∂S̄ + 1 3! [ L^2_∗ ∗ R ] ∂^3K ∂S^2∂S̄ + 1 3! [ R^2_∗ ∗ L ] ∂^3K ∂S∂S̄^2 + + · · · + 1 n! L^n_∗ ∂^nK ∂S^n + · · · + 1 n! R^n_∗ ∂^nK ∂S̄^n + · · · + + 1 (n + m)!

[L^n_∗ ∗ R^m_∗ ] ∂^{n+m}K ∂S^n∂S̄^m + · · · , (3.2)

where n and m are integers and we have also introduced the following notations: L = S − A, R = S̄ − Ā , (3.3) L^n_∗ = n L ∗ L ∗ · · · ∗ L , R^m_∗ = m R ∗ R ∗ · · · ∗ R , (3.4) and the square brackets [· · ·] in eqn. (3.2), signify all possible combinations of L^′s and R^′s. For instance, in this notation: [L ∗ L ∗ R] ≡ L ∗ L ∗ R + L ∗ R ∗ L + R ∗ L ∗ L.

Also, to keep the notations simple in eqn. (3.2), ∂K ∂S , ∂^2K ∂S^2 , . . . , ∂^{n+m}K ∂S^n∂S̄^m etc., (3.5)

stand for the derivatives of the Kähler potential, evaluated at S = A and S̄ = Ā.

For L and R, explicitly one has: L(ξ^−, ζ^−, θ, χ) = +iθ ψ̄_L − iχ ψ̄_R − i(θ χ) F , (3.6) R(ξ^+, ζ^+, θ̄, χ̄) = −iθ̄ ψ_L + iχ̄ψ_R + iθθ̄∂_ξ−Ā + iχχ̄∂_ζ−Ā + + θ̄ χ̄ ( −χ ∂_ζ− ψ_L − θ ∂_ξ− ψ_R − iF̄ + (θ χ) ∂_ξ− ∂_ζ−Ā ) , (3.7)

where we have suppressed the dependence of component fields on the coordinates (ξ^−, ζ^−). All the component fields are taken to be functions of (ξ^−, ζ^−), if not explicitly mentioned. Using the form of L and R given in eqns. (3.6) and (3.7), we arrive at the following identities:

L^{2n}_∗ = ( 1 4 det C )_{n−1} F^{2n−2} [ −2n(θχ)ψ̄_L ψ̄_R + ( 1 4 det C ) F^2 ] , (3.8)

L^{2n+1}_∗ = ( 1 4 det C )_n F^{2n−1} ( −2n i ψ̄_L ψ̄_R + F.L. ) , (3.9)

R^2_∗ = 2θ̄χ̄ ( −ψ_Lψ_R − χ ψ_L ∂_ζ−Ā − θ ψ_R ∂_ξ−Ā + (θ χ)∂_ξ−Ā∂_ζ−Ā ) , (3.10) R^n_∗ = 0 , for n > 2 . (3.11)

To evaluate the action in eqn. (3.1) explicitly, one needs to collect the terms with coefficient θ̄χ̄(θχ) appearing in the expansion of Kähler potential in eqn. (3.2), as only these terms survive after performing integration over the Grassmann variables. Now, from eqns. (3.6), (3.8) and (3.9), one can see that the star product of an arbitrary number of

– 8 –

L^′s alone does not have a term proportional to θ̄ χ̄(θ χ), and hence, it cannot give rise to terms in the action. On the other hand, with the same logic, R given in eqn. (3.7) the star product of two R^′s given in eqn. (3.10), do contribute terms to the action. Further, the star product of three and higher number of R^′s vanishes and hence, does not contribute to the action. Therefore, to proceed, we turn towards the star product of an arbitrary number of L^′s with either R or R ∗ R. First, using the definitions of L and R given in eqns. (3.6) and (3.7), we arrive at the following relation: L ∗ R + R ∗ L = −2χ̄θψ̄_Lψ_R − 2θ̄χψ̄_Rψ_L + 2θ̄θψ̄_Lψ_L + 2χ̄χψ̄_Rψ_R + + i 2 θ̄χ̄ (det C) F ∂_{ξ−} ∂_{ζ−}Ā − 2θ̄(θχ) (ψ̄_R∂_{ξ−}Ā + F ψ_L) − − 2χ̄(θχ) (¯ ψ_L ∂_ζ−Ā − F ψ_R ) + 2θ̄χ̄θψ̄_LF̄ − 2θ̄χ̄χψ̄_RF̄ + + 2θ̄χ̄(θχ) ( iψ̄_L∂_ζ− ψ_L + iψ̄_R ∂_ξ− ψ_R − F F̄ ) . (3.12)

Note that in the above equation, L ∗ R and R ∗ L independently have many more terms (explicit expressions are given in the appendix) which cancel out when we consider [L ∗ R]. Further, since our interest is in extracting only the terms with coefficient θ̄χ̄(θχ), we mainly concentrate on those terms. Moreover, in this connection, we make the observation that, focusing only on the terms with coefficient θ̄χ̄(θχ), a great deal of simplification occurs, allowing us to obtain several identities which we give in the appendix. The crux of the matter is that a general term in the expansion in eqn. (3.2), e.g., [L^p_∗ ∗ R ∗ L^q_∗ ∗ R ∗ L^r_∗], can give rise to various terms in the action corresponding to all possible combinations of L’s and R’s. However, using the identities given in the appendix, one can push all the L’s to one side and all the R’s to the other side as:

[L^p_∗ ∗ R ∗ L^q_∗ ∗ R ∗ L^r_∗] |¯_{θχ̄θχ} ≡^{(p+q+r+2)}C_2L^{(p+q+r)}_∗ ∗ R^2_∗ |¯_{θχ̄θχ} , (3.13)

where p, q, r are integers and in writing the combinatorial factor, we have used the notation n!/k!(n − k)! =^{(n)}C_k . We give the proof of these identities in the appendix and in what follows use these results directly. Explicit check of supersymmetry (in section 4) further confirms that our action is indeed correct.

The star product of even and odd number of L^′s with R, can be shown to satisfy (when restricted to terms with coefficient θ̄χ̄(θχ) ): [ L^{2n}_∗ ∗ R ] |¯_{θχ̄θχ} =^{(2n+1)}C_1 L^{2n}_∗ ∗ R |¯_{θχ̄θχ} (3.14)

= (2n + 1) ( 1 4 det C )_{n−1} F^{2n−2} [ 2niψ̄_Lψ̄_RF̄ + ( 1 4 det C ) F^2∂_ξ− ∂_ζ−Ā ] , [ L^{2n+1}_∗ ∗ R ] |¯_{θχ̄θχ} =^{(2n+2)}C_1L^{2n+1}_∗ ∗ R|¯_{θχ̄θχ}

= (2n + 2) ( 1 4 det C )_n F^{2n−1} × × [ −2niψ̄_Lψ̄_R∂_ξ− ∂_ζ−Ā + F ( iψ̄_L∂_ζ− ψ_L + iψ̄_R∂_ξ− ψ_R − F F̄ )] , (3.15)

– 9 – where n ≥ 1. Now, one can notice that eqn. (3.12), has terms proportional to θ̄χ̄(θχ) which are also independent of C. Therefore, these terms would give rise to the standard C = 0, N = 2 supersymmetric action. On the other hand, from the set of eqns. (3.14) and (3.15), and similar ones appearing below, one can see the emergence of new terms in the action, proportional to arbitrary powers of (det C).

Next, we go on to compute the star product of arbitrary powers of L^′s with R^2_∗, needed for writing down our action. Using the results given for L^′s in eqns. (3.8) and (3.9) and R^2_∗ in (3.10), we end up with: [ L ∗ R^2_∗ ] |¯_{θχ̄θχ} =^3C_1L ∗ R^2_∗|¯_{θχ̄θχ}

= 6i ( ψ_Lψ_RF + ψ̄_Lψ_L∂_ζ−Ā + ψ̄_Rψ_R∂_ξ−Ā ) , (3.16) [ L^{2n}_∗ ∗ R^2_∗ ] |¯_{θχ̄θχ} =^{(2n+2)}C_2L^{2n}_∗ ∗ R^2_∗|¯_{θχ̄θχ}

=^{(2n+2)}C_22 ( 1 4 det C )_{n−1} F^{2n−2} × × [ 2nψ̄_Lψ̄_Rψ_Lψ_R + ( 1 4 det C ) F^2∂_ξ−Ā∂_ζ−Ā ] , (3.17) [ L^{2n+1}_∗ ∗ R^2_∗ ] |¯_{θχ̄θχ} =^{(2n+3)}C_2L^{2n+1}_∗ ∗ R^2_∗|¯_{θχ̄θχ}

= −^{(2n+3)}C_22i ( 1 4 det C )_n F^{2n−1} × (3.18) × [ 2nψ̄_Lψ̄_R∂_ξ−Ā∂_ζ−Ā − F (¯ ψ_Lψ_L∂_ζ−Ā + ψ̄_Rψ_R∂_ξ−Ā + ψ_Lψ_RF )] , where n ≥ 1. It may be noted that eqn. (3.16) contributes terms in the standard C = 0, supersymmetric N = 2 action. Furthermore, eqns. (3.17) and (3.18) contribute new terms in the action, proportional to various powers of (det C).

To summarize, substituting the results obtained in eqns. (3.6)-(3.18) in the action (3.1), we end up with the classical action for supersymmetric N = 2 theory on a non(anti)commutative superspace. It is possible to break the action into two parts as:

I = I_0 + I^n_C , (3.19)

where I_0 corresponds to the C = 0, N = 2 action and I^n_C stands for the non(anti)commutative part of the N = 2 theory.

Below, we first collect the terms coming from the expansion of the Kähler potential in the action in eqn. (3.1), which will ultimately give rise to I_0:

I_0 = ∫ d^2xdθdχdθ̄dχ̄ [ R ∂K ∂S̄ + 1 2! R^2_∗

∂^2K ∂S̄^2 + 1 2! [L ∗ R] ∂^2K ∂S∂S̄ + 1 3! [ L^2_∗ ∗ R ] ∂^3K ∂S^2∂S̄ + + 1 3! [ R^2_∗ ∗ L ] ∂^3K ∂S∂S̄^2 + 1 4! [ L^2_∗ ∗ R^2_∗ ] ∂^4K ∂S^2∂S̄^2 ] . (3.20)

Now, making use of the identities derived in eqns. (3.7), (3.10), (3.12), (3.14), (3.16) and (3.17), in the above form of the action and after performing integration over the grassmannian coordinates, in the usual way, we end up with the following action for C = 0,

– 10 –

N = 2 supersymmetric theory:

I_0 = ∫ d^2x [( ∂_ξ− ∂_ζ−Ā )∂K ∂S̄ + ( iψ̄_L∂_ζ− ψ_L + iψ̄_R∂_ξ− ψ_R − F F̄ ) ∂2K ∂S∂S̄ + ( ∂_ξ−Ā∂_ζ−Ā ) × × ∂^2K ∂S̄^2 + i (¯ ψ_Lψ̄_RF̄ ) ∂^3K ∂S^2∂S̄ + (3.21) + i ( ψ_Lψ_RF +ψ̄_Lψ_L∂_ζ−Ā+ψ̄_Rψ_R∂_ξ−Ā ) ∂^3K ∂S∂S̄^2 − (¯ ψ_Lψ_Lψ̄_Rψ_R ) ∂^4K ∂S^2∂S̄^2 ] . Now, to write the action in the standard form, we perform a partial integration on the^{∂K}_{∂S} term. The action so obtained is given below:

I^′_0 = ∫ d^2x [( − 1 2 ∂_ξ− A∂_ζ−Ā − 1 2 ∂_ζ− A∂_ξ−Ā + iψ̄_L∂_ζ− ψ_L + iψ̄_R∂_ξ− ψ_R − F F̄ ) ∂2K ∂S∂S̄ + + i (¯ ψ_Lψ̄_RF̄ ) ∂^3K ∂S^2∂S̄ + i ( ψ_Lψ_RF + ψ̄_Lψ_L∂_ζ−Ā + ψ̄_Rψ_R∂_ξ−Ā ) ∂^3K ∂S∂S̄^2 − − (¯ ψ_Lψ_Lψ̄_Rψ_R ) ∂^4K ∂S^2∂S̄^2 ] . (3.22)

This should be compared with the usual C = 0, N = 2 supersymmetric action [62], which can be determined by taking the superspace coordinates to anticommutate.

Before proceeding to write down the action, we first define the chiral and antichiral superfields in the C = 0 anticommutative theory: S̃(ξ^−, ζ^−, θ, χ) = Ã(ξ, ζ) + iθ ¯ψ̃_L(ξ, ζ) − iχ¯ψ̃_R(ξ, ζ) − i 2 θθ̄∂_ξÃ − i 2 χχ̄∂_ζÃ + + θχ ( χ̄ 2 ∂_ζ ¯ψ̃_L + θ̄ 2 ∂_ξ ¯ψ̃_R − iF̃ + 1 4 θ̄χ̄∂_ξ∂_ζÃ ) (3.23) ¯S̃(ξ+, ζ+, θ̄, χ̄) = ¯Ã(ξ, ζ) − iθ̄ψ̃_L + iχ̄ψ̃_R + i 2 θθ̄∂_ξ ¯Ã + i 2 χχ̄∂_ζ ¯Ã + + θ̄χ̄ ( − χ 2 ∂_ζψ̃_L − θ 2 ∂_ξψ̃_R − i ¯F̃ + 1 4 θχ∂_ξ∂_ζ ¯Ã ) . (3.24)

Hence, using the definitions of chiral and antichiral superfields given in eqns. (3.23) and (3.24), the classical action can be constructed by expanding the Kähler potential of the anticommutative theory. Below, we only give the final result for the action, after performing partial integrations on the terms of the type^{∂K}_{∂S̃} and^{∂K}_{∂ ¯S̃} :

Ĩ_0 = ∫ d^2x [{ − 1 2 ∂_ξÃ∂_ζ ¯Ã − 1 2 ∂_ζÃ∂_ξ ¯Ã + i 2 ( ¯ψ̃_L∂_ζψ̃_L − ∂_ζ ¯ψ̃_Lψ̃_L ) + + i 2 ( ¯ψ̃_R∂_ξψ̃_R − ∂_ξ ¯ψ̃_Rψ̃_R ) − F F̄ } ∂^2K ∂S̃∂ ¯S̃ + + i ( ¯ψ̃_L ¯ψ̃_RF̄ − 1 2 ¯ψ̃_Lψ̃_L∂_ζÃ − 1 2 ¯ψ̃_Rψ̃_R∂_ξÃ ) ∂^3K ∂S̃^2∂ ¯S̃ + + i ( ψ̃_Lψ̃_RF + 1 2 ¯ψ̃_Lψ̃_L∂_ζ ¯Ã + 1 2 ¯ψ̃_Rψ̃_R∂_ξ ¯Ã ) ∂3K ∂S̃∂ ¯S̃^2 − − ( ¯ψ̃_Lψ̃_L ¯ψ̃_Rψ̃_R ) ∂4K ∂S̃^2∂ ¯S̃^2 ] . (3.25)

– 11 –

One can notice a slight mismatch in the form of I^′_0 given in (3.22) and Ĩ_0 given in (3.25). In particular, the A,Ā and Ã , ¯Ã dependent terms with coefficient^{∂3K}_{∂S̃2∂ ¯S̃} and^{∂3K}_{∂S̃∂ ¯S̃2} in eqn. (3.25), are different in both the cases. However, the equivalence of the actions I^′_0 and Ĩ_0, up to a total derivative, can be explicitly seen by adding the following total derivative terms to the action in eqn. (3.25): i 2 ∂_ζ ( ¯ψ̃_Lψ̃_L ∂^2K ∂S̃∂ ¯S̃ ) + i 2 ∂_ξ ( ¯ψ̃_Rψ̃_R ∂^2K ∂S̃∂ ¯S̃ ) . (3.26)

The apparent difference in the two actions is only because I^′_0 is written in chiral coordinates (ξ^−, ζ^−), and Ĩ_0 is written in ordinary coordinates (ξ, ζ).

Coming to the non(anti)commutative part of the action I^n_C , one has to follow similar steps as discussed above. Using the results derived in eqns. (3.14)–(3.18), various terms in the expansion of the Kähler potential in the action in (3.1), which can contribute to terms in I^n_C are summarized below:

I^n_C = ∫ d^2xdθdχdθ̄dχ̄ × (3.27) × ∞∑ n=1 [ 1 (2n + 1)! [ L^{2n}_∗ ∗ R ] ∂^{2n+1}K ∂S^{2n}∂S̄ + 1 (2n + 2)! [ L^{2n+1}_∗ ∗ R ] ∂^{2n+2}K ∂S^{2n+1}∂S̄ +

+ 1 (2n + 2)! [ L^{2n}_∗ ∗ R^2_∗ ] ∂^{2n+2}K ∂S^{2n}∂S̄^2 + 1 (2n + 3)! [ L^{2n+1}_∗ ∗ R^2_∗ ] ∂^{2n+3}K ∂S^{2n+1}∂S̄^2 ] . Now, it is straightforward to substitute the results derived in eqns.(3.14)–(3.18), and collect the terms proportional to various powers of (det C). Then, performing an integration over the grassmannian variables in the usual way, one will end up with the final form of action. In this context we first collect terms which are to lowest order in (det C) and write down the action explicitly to first order in (det C). The subsequent generalization to include terms proportional to arbitrary powers of (det C) will follow.

The non(anti)commutative part of the action obtained from eqn. (3.27) to first order in (det C) (labeled as I_{C1}) turns out to be:

I_{C1} = ( 1 4 det C )∫ d^2x [( 1 2 F^2∂_ξ− ∂_ζ−Ā ) ∂^3K ∂S^2∂S̄ + F 6 × × ( −2iψ̄_Lψ̄_R∂_ξ− ∂_ζ−Ā+iψ̄_L∂_ζ− ψ_LF +iψ̄_R∂_ξ− ψ_RF −F^2F̄ ) × × ∂^4K ∂S^3∂S̄ + 1 2 ( F^2∂_ξ−Ā∂_ζ−Ā ) ∂^4K ∂S^2∂S̄^2 + + i 6 ( ψ̄_Lψ̄_RF^2F̄ ) ∂5K ∂S^4∂S̄ − i 6 F × × ( 2ψ̄_Lψ̄_R∂_ξ−Ā∂_ζ−Ā−F^2ψ_Lψ_R +F ψ_Lψ̄_L∂_ζ−Ā+F ψ_Rψ̄_R∂_ξ−Ā ) × × ∂^5K ∂S^3∂S̄^2 − 1 6 ( F^2ψ̄_Lψ_Lψ̄_Rψ_R ) ∂^6K ∂S^4∂S̄^2 ] . (3.28)

As was first pointed in [13], C by itself breaks Lorentz invariance, but since it appears in the action (3.28), as (det C) no Lorentz invariance is broken. Hence, the non(anti)commutative part of the action (3.28), is Lorentz invariant to first order in (det C).

– 12 –

Having written the action to first order in (det C) in eqn. (3.28), we now proceed to write the most general action, by following similar steps as discussed above. We substitute the results obtained in eqns. (3.14)-(3.18), in the action (3.1), and collect terms which are proportional to (det C)^n. The most general action for non(anti)commutative part of the N = 2 supersymmetric theory, then looks as follows:

I^n_C = ∞∑ n=2 ( 1 4 det C )_{n−1} ∫ d^2xF^{2n−2} 2n (2n)! [ iψ̄_Lψ̄_RF̄ ∂^{2n+1}K ∂S^{2n}∂S̄ − ψ̄_Lψ_Lψ̄_Rψ_R ∂^{2n+2}K ∂S^{2n}∂S̄^2 ] +

+ ∞∑ n=1 ( 1 4 det C )_n ∫ d^2xF^{2n−2} ×

× [ 1 (2n)! F^2∂_ξ− ∂_ζ−Ā ∂^{2n+1}K ∂S^{2n}∂S̄ − F (2n + 1)! ( 2niψ̄_Lψ̄_R∂_ξ− ∂_ζ−Ā − iψ̄_L∂_ζ− ψ_LF − − iψ̄_R∂_ξ− ψ_RF + F^2F̄ ) ∂2n+2K ∂S^{2n+1}∂S̄ + + 1 (2n)! F^2∂_ξ−Ā∂_ζ−Ā ∂^{2n+2}K ∂S^{2n}∂S̄^2 − i (2n + 1)!

× (3.29) × F ( 2nψ̄_Lψ̄_R∂_ξ−Ā∂_ζ−Ā−F^2ψ_Lψ_R +F ψ_Lψ̄_L∂_ζ−Ā+F ψ_Rψ̄_R∂_ξ−Ā ) ∂2n+3K ∂S^{2n+1}∂S̄^2 ] . One can clearly see a power series expansion in (det C). The full action for the N = 2 supersymmetric theory on a non(anti)commutative superspace is thus given by eqns. (3.22) and (3.29). We now proceed to analyze the supersymmetry of the theory.

4. Supersymmetry

The two supersymmetries preserved by the usual C = 0, N = 2 supersymmetric theories are generated by the supercharges Q and Q̄. However, from the discussion in section 1, we know that, once we invoke non(anti)commutativity of the superspace coordinates as in eqn. (2.5), the Q̄ symmetry is broken and the superspace becomes N =^2 supersymmetric. Accordingly, we shall use the unbroken Q symmetry on the superfields to generate the supersymmetry transformations.

Thus, the variation of the chiral superfield in eqn. (2.28) is given as: δ_αS = δ_αA + iθδ_αψ̄_L − iχδ_αψ̄_R − i(θχ)δ_αF . (4.1) As stated before, we have suppressed the explicit dependence of component fields on the coordinates for clarity. All the component fields are taken to be functions of (ξ^−, ζ^−) unless specified otherwise. The supercharge Q acts on the chiral superfield as shown:

δ_αS = (α_1Q_1 + α_2Q_2 ) ∗ S ,

= −α_1 ( iψ̄_L − iχF ) + α_2 ( −iψ̄_R + iθF ) . (4.2)

– 13 –

Now, it is easy to compare eqns. (4.1) and (4.2), and get the supersymmetry transformations for the component fields: δ_αA = −iα_1ψ̄_L − iα_2ψ̄_R , δ_αψ̄_L = −α_2F , δ_αψ̄_R = α_1F , δ_αF = 0 . (4.3) Analogously, the supersymmetry transformations of the remaining component fields appearing in the antichiral superfield in eqn. (2.31) can also be written: δ_αĀ = 0 , δ_αψ_L = −α_1∂_ξ−Ā , δ_αψ_R = −α_2∂_ζ−Ā , δ_αF̄ = iα_1∂_ξ− ψ_R − iα_2∂_ζ− ψ_L . (4.4) Notice that the supersymmetry transformations given in eqns. (4.3) and (4.4) are the same as in the usual C = 0 theory. Also, we have already pointed out the equivalence of the C = 0 part of our action in eqn. (3.21) and the standard action [62] given in eqn. (3.25). Hence, the supersymmetry of the C = 0 part of the action (3.21), is obvious. However, one can also explicitly check the supersymmetry by varying the action (3.21), with respect to the supersymmetry parameters α_1 and α_2 and using the supersymmetry transformations (4.3) and (4.4). Thus, the variation of the action in eqn. (3.21) gives:

δI_0 = ∫ d^2x [ I^1_0 + I^2_0 + I^3_0 + I^4_0 ] , (4.5)

where I^1_0 , I^2_0 , I^3_0 , I^4_0 are defined below as:

I^1_0 = [ ∂_ξ− ∂_ζ−Ā(δA) − i∂_ζ− (δψ_L)ψ̄_L − i∂_ζ− ψ_L(δψ̄_L) − − i∂_ξ− (δψ_R)ψ̄_R − i∂_ξ− ψ_R(δψ̄_R) − F (δF̄ ) ] ∂2K ∂S∂S̄ , (4.6)

I^2_0 = − [( i∂_ζ− ψ_Lψ̄_L + i∂_ξ− ψ_Rψ̄_R + F F̄ ) (δA) + + i(δψ̄_R)ψ̄_LF̄ + iψ̄_R(δψ̄_L)F̄ + iψ̄_Rψ̄_L(δF̄ ) ] ∂3K ∂S^2∂S̄ , (4.7)

I^3_0 = [ i(δψ_L)ψ_RF + iψ_L(δψ_R)F + i(δψ̄_L)ψ_L∂_ζ−Ā + ( ∂_ξ−Ā∂_ζ−Ā ) (δA) + + iψ̄_L(δψ_L)∂_ζ−Ā + i(δψ̄_R)ψ_R∂_ξ−Ā + iψ̄_R(δψ_R)∂_ξ−Ā ] ∂3K ∂S∂S̄^2 , (4.8)

I^4_0 = − [( (δψ̄_L)ψ_Lψ̄_Rψ_R + ψ̄_L(δψ_L)ψ̄_Rψ_R + ψ̄_Lψ_L(δψ̄_R)ψ_R + ψ̄_Lψ_Lψ̄_R(δψ_R) ) − − i ( ψ_Lψ_RF + ψ̄_Lψ_L∂_ζ−Ā + ψ̄_Rψ_R∂_ξ−Ā ) (δA) ] ∂4K ∂S^2∂S̄^2

. (4.9) Now, one can directly substitute the supersymmetry transformations given in eqns. (4.3) and (4.4), in the variation of the action given in eqn. (4.5), or equivalently in eqns. (4.6)– (4.9). The result is that, each of the terms in eqns. (4.6)–(4.9) vanishes individually.

– 14 –

Therefore, the C = 0 part of the action given in eqn. (3.21) preserves N = 2/2 supersymmetry. Also, by writing down transformations under both Q and Q̄’s, we find that the supersymmetry variation corresponding to Q’s in the action I_0 cancels out, whereas the C dependent terms generated by Q̄^′s add up. Therefore, the action does not remain invariant under Q̄’s.

Now, regarding the non(anti)commutative part of the action in eqn. (3.29), we will first check the supersymmetry of the action (3.28) to first order in (det C). The calculations get simplified by noting that the supersymmetry transformations of the component fields F and Ā vanish identically. Thus, varying the action (3.28), with respect to the parameters α_1 and α_2, and leaving out the terms which cancel out trivially, we end up with:

δI_{C1} = ( 1 4 det C ) ∫ d^2x [ I^1_C + I^2_C + I^3_C + I^4_C ] , (4.10)

where I^1_C , I^2_C , I^3_C , I^4_C are defined below as:

I^1_C = [ 1 2 F^2∂_ξ− ∂_ζ−Ā(δA) + i 6 ( −2F (δψ̄_L)ψ̄_R∂_ξ− ∂_ζ−Ā − 2F ψ̄_L(δψ̄_R)∂_ξ− ∂_ζ−Ā + + F^2(δψ̄_L)∂_ζ− ψ_L + F^2ψ̄_L∂_ζ− (δψ_L) + F^2(δψ̄_R)∂_ξ− ψ_R +

+ F^2ψ̄_R∂_ξ− (δψ_R) + iF^3δF̄ )] ∂4K ∂S^3∂S̄ , (4.11)

I^2_C = [ 1 6 F { −2iψ̄_Lψ̄_R∂_ξ− ∂_ζ−Ā + iψ̄_L∂_ζ− ψ_LF + iψ̄_R∂_ξ− ψ_RF − F^2F̄ } (δA) + + i 6 F^2 { (δψ̄_L)ψ̄_RF̄ + ψ̄_L(δψ̄_R)F̄ + ψ̄_Lψ̄_R(δF̄ ) }] ∂^5K ∂S^4∂S̄ , (4.12)

I^3_C = [ 1 2 F^2∂_ξ−Ā∂_ζ−Ā(δA) − i 6 F { 2(δψ̄_L)ψ̄_R∂_ξ−Ā∂_ζ−Ā + 2ψ̄_L(δψ̄_R)∂_ξ−Ā∂_ζ−Ā − − F^2(δψ_L)ψ_R − F^2ψ_L(δψ_R) + F (δψ_L)ψ̄_L∂_ζ−Ā + + F ψ_L(δψ̄_L)∂_ζ−Ā + F (δψ_R)ψ̄_R∂_ξ−Ā + + F ψ_R(δψ̄_R)∂_ξ−Ā }] ∂5K ∂S^3∂S̄^2

(4.13)

I^4_C = − [ i 6 F ( 2ψ̄_Lψ̄_R∂_ξ−Ā∂_ζ−Ā − F^2ψ_Lψ_R − F ψ_Lψ̄_L∂_ζ−Ā − F ψ_Rψ̄_R∂_ξ−Ā ) (δA) + 1 6 ( F^2(δψ̄_L)ψ_Lψ̄_Rψ_R + F^2ψ̄_L(δψ_L)ψ̄_Rψ_R + F^2ψ̄_Lψ_L(δψ̄_R)ψ_R +

+ F^2ψ̄_Lψ_Lψ̄_R(δψ_R) )] ∂^6K ∂S^4∂S̄^2

. (4.14)

Now, one can directly substitute the supersymmetry transformations of the component fields given in (4.3) and (4.4), in the variation of the action given in eqn. (4.10) or equivalently in eqns. (4.11)–(4.14). The outcome being that, each of the terms in the action given in eqns. (4.11)–(4.14), vanish individually. Thus, we have the result that the non(anti)commutative part of the action given in eqn. (3.28), preserves N = 2/2 supersymmetry to first order in (det C).

– 15 –

To check whether the non(anti)commutative part of the full action given in eqn. (3.29) preserves N =^2 supersymmetry to all orders in (det C), we perform an explicit verification of supersymmetry. We follow the procedure as discussed above and vary the action I_C given in eqn. (3.29) with respect to the supersymmetry parameters α_1 and α_2. It turns out that the supersymmetry variation of I^n_C again consists of four parts (ignoring terms cancelling trivially): δI^n_C = ( 1 4 det C )_n ∫ d^2xF^{2n−2} [ I^1_{Cn} + I^2_{Cn} + I^3_{Cn} + I^4_{Cn} ] , (4.15)

where I^1_{Cn}, I^2_{Cn}, I^3_{Cn}, I^4_{Cn} are defined below as:

I^1_{Cn} = [ 1 (2n)! F^2∂_ξ− ∂_ζ−Ā(δA) + i (2n + 1)!

× (4.16) × ( −2nF (δψ̄_L)ψ̄_R∂_ξ− ∂_ζ−Ā − 2nF ψ̄_L(δψ̄_R)∂_ξ− ∂_ζ−Ā + F^2(δψ̄_L)∂_ζ− ψ_L + + F^2ψ̄_L∂_ζ− (δψ_L) + F^2(δψ̄_R)∂_ξ− ψ_R + F^2ψ̄_R∂_ξ− (δψ_R) + iF^3δF̄ )] ∂2n+2K ∂S^{2n+1}∂S̄ , I^2_{Cn} = F (2n + 1)! [( −2inψ̄_Lψ̄_R∂_ξ− ∂_ζ−Ā + iψ̄_L∂_ζ− ψ_LF + iψ̄_R∂_ξ− ψ_RF − F^2F̄ ) (δA) + + i(δψ̄_L)ψ̄_RF F̄ + iψ̄_L(δψ̄_R)F F̄ + iψ̄_Lψ̄_RF (δF̄ ) ] ∂^{2n+3}K ∂S^{2n+2}∂S̄ , (4.17)

I^3_{Cn} = [ 1 (2n)! F^2∂_ξ−Ā∂_ζ−Ā(δA) − i (2n + 1)! F × × { 2n(δψ̄_L)ψ̄_R∂_ξ−Ā∂_ζ−Ā + 2nψ̄_L(δψ̄_R)∂_ξ−Ā∂_ζ−Ā − F^2(δψ_L)ψ_R − F^2ψ_L(δψ_R) + + F (δψ_L)ψ̄_L∂_ζ−Ā+F ψ_L(δψ̄_L)∂_ζ−Ā+F (δψ_R)ψ̄_R∂_ξ−Ā+F ψ_R(δψ̄_R)∂_ξ−Ā }] × × ∂^{2n+3}K ∂S^{2n+1}∂S̄^2

(4.18)

I^4_{Cn} = − 1 (2n + 1)! [ iF ( 2nψ̄_Lψ̄_R∂_ξ−Ā∂_ζ−Ā−F^2ψ_Lψ_R −F ψ_Lψ̄_L∂_ζ−Ā−F ψ_Rψ̄_R∂_ξ−Ā ) (δA)+ + ( F^2(δψ̄_L)ψ_Lψ̄_Rψ_R + F^2ψ̄_L(δψ_L)ψ̄_Rψ_R + F^2ψ̄_Lψ_L(δψ̄_R)ψ_R +

+ F^2ψ̄_Lψ_Lψ̄_R(δψ_R) )] ∂2n+4K ∂S^{2n+2}∂S̄^2

(4.19)

Now, one can go on to substitute the supersymmetry variation of the component fields given in eqns. (4.3) and (4.4) and hence in eqns. (4.16)–(4.19). Owing to some beautiful cancellations, all the pieces of the supersymmetry variation of the full action I_C given in eqn. (4.15) vanish identically. Hence, the non(anti)commutative part of the supersymmetric theory given in eqn. (3.29) preserves N = 2/2 supersymmetry to all orders in (det C).

Combining the results obtained for the supersymmetry variations of the actions given in eqns. (3.21) and (3.29), we conclude that the full non(anti)commutative theory given by eqn. (3.19), preserves N =^2 supersymmetry.

4.1 Superpotential In this section, we generalize the results of the preceding section, by including superpo-

– 16 – tentials in the action (3.1). The complete kinetic action for the non(anti)commutative N =^2 theory was given in eqn. (3.19). The action can be generalized to include arbitrary superpotentials, as shown :

I_g = ∫ d^2xdθdχdθ̄dχ̄K(S, S̄) + ∫ d^2xdθdχW (S) + ∫ d^2xdθ̄dχ̄W̄ (S̄) , (4.20)

where apart from the Kähler potential K(S, S̄), we also have superpotentials W (S) and W̄ (S̄). Like the case for K(S, S̄) in eqn. (3.2), we expand the superpotentials in terms of the component fields as shown:

W (S) = W (A) + L ∂W ∂S |_{S=A} + 1 2! L ∗ L ∂^2W ∂S^2 |_{S=A} + 1 3! L ∗ L ∗ L ∂^3W ∂S^3 |_{S=A} + + · · · + 1 (2n)! L^{2n}_∗ ∂^{2n}W ∂S^{2n} |_{S=A} + · · · + 1 (2n + 1)!

L^{2n+1}_∗

∂^{2n+1}W ∂S^{2n+1} |_{S=A} + · · · . (4.21)

Note that the quantities L, L^{2n}_∗ and L^{2n+1}_∗ have been defined in eqns. (3.3), (3.8) and (3.9) respectively. We also have:

W̄ (S̄) = W̄ (Ā) + R ∂ W̄ ∂S̄ |¯_{S=}¯_A + 1 2! R ∗ R ∂^2W̄ ∂S^2 |¯_{S=}¯_A , (4.22)

where R appearing above, has been defined in eqn. (3.3). Notice that the above expansion of W̄ (S̄) gets truncated, since Rn_∗ = 0, for n ≥ 3. Hence, using the results of section 3, we can evaluate various terms in the superpotential in eqn. (4.21). Collecting terms proportional to θχ which will ultimately contribute to the action, we end up with: W (S)|_{θχ} = −iF ∂W ∂S |_{S=A} − ψ̄_Lψ̄_R ∂^2W ∂S^2 |_{S=A} − − ∞∑ n=2 1 (2n − 1)! ( 1 4 det C )_{n−1} F^{2n−2}ψ̄_Lψ̄_R ∂^{2n}W ∂S^{2n} |_{S=A} −

− ∞∑ n=1 i (2n + 1)! ( 1 4 det C )_n F^{2n+1}

∂^{2n+1}W ∂S^{2n+1} |_{S=A} + · · · . (4.23)

Similarly, one can also write down the terms coming from eqn. (4.22). We end up with the following most general form of W̄ (S̄), after collecting the terms proportional to θ̄χ̄ : W̄ (S̄)|_{θ̄χ̄} = −iF̄ ∂ W̄ ∂S̄ |¯_{S=}¯_A − ψ_Lψ_R

∂^2W̄ ∂S̄^2 |¯_{S=}¯_A . (4.24)

5. Discussion

To conclude, we have analyzed the most general classical action of an N = 2 supersymmetric theory with single chiral and antichiral superfield, defined on a non(anti)commutative superspace, for an arbitrary Kähler and super potential. The key aspect of the analysis is the emergence of a power series expansion in (det C) in the action. Writing down a general n^{th} order term in the action is possible and is found to be Lorentz invariant. The N = 2/2 supersymmetry of the action was explicitly shown, order by order in (det C).

– 17 –

The C = 0 part of the supersymmetric theory studied in this paper, has a straightforward generalization to supersymmetric nonlinear σ-model containing several superfields. From the definitions of geometric quantities given in section 2.2, the action I_0 given in eqn. (3.22), can be written as [62]:

I_0 = [∫ d^2x g_i¯_j ( − ∂_ξ− A^i∂_ζ−Ā^j + iψ̄^i_L∂_ζ− ψ^j_L + iψ̄^i_R∂_ξ− ψ^j_R − F^iF̄^j ) + + Γ_{ij}¯_k ( ψ̄^i_Lψ̄^j_RF̄^k ) + iΓ¯_i¯_{jk} ( ψ^i_Lψ^j_RF^k − ψ̄^k_Lψ^i_L∂_ζ−Ā^j − ψ̄^k_Rψ^i_R∂_ξ−Ā^j ) − − R¯_{ij}¯_{kl} ( ψ^i_Lψ̄^j_Lψ^k_Rψ̄^l_R )] . (5.1)

It seems plausible that the action for the complete N =^2 supersymmetric theory with arbitrary number of superfields S^i and S̄^i can also be written in terms of the Kähler metric and the subsequent geometric quantities following from it. However, to geometrize the full N =^2 supersymmetric theory studied in this paper, the identities given eqns. (2.39) and (2.40), are not enough. Also terms of the type ψ^i_L · · · ψ^n_R etc., will appear in the expressions such as L^n_∗ . It will be interesting to examine whether the complete action can be written in a geometric form like (5.1).

There are lots of other avenues one can explore. One of the most obvious things to study is the quantum aspects of the non(anti)commutative theory we have discussed. It is a well acclaimed fact that the Kähler geometry imposes severe restrictions on the kind of counter terms which can appear in the quantum action. In view of the series expansion we see in the classical action, it is worthwhile to analyze what kind of restrictions put by Kähler geometry appear at the quantum level. Moreover, checking the renormalizability of the above model is an interesting aspect to be pursued.

Further, in two dimensions one can have new σ-models due to the possibility of defining twisted multiplets [60], in addition to the chiral and antichiral multiplets. These σ-models have established various connections between D = 4, N = 1 and D = 2, N = 2 models. It may be possible to generalize the result of this paper, to include twisted (chiral and antichiral) fields as well. In this way, one can possibly study the consequences of Mirror symmetry in D = 2, N = (2, 2) models, which interchanges the (anti)chiral and twisted (anti)chiral fields.

A. Proof of relevant identities

Here, we provide the proof of the identity: L^m_∗ ∗ R ∗ L^n_∗ ∗ R ∗ L^p_∗|¯_{θχ̄θχ} = L^{(m+n+p)}_∗ ∗ R^2_∗|¯_{θχ̄θχ} , (A.1) where m, n and p are integers. As already mentioned, the above identity strictly holds only for terms with coefficient θ̄χ̄(θχ). Before proceeding, below we collect certain results from the text, which will be used repeatedly: L = +iθψ̄_L − iχψ̄_R − i(θχ)F , (A.2)

– 18 –

R = −iθ̄ψ_L + iχ̄ψ_R + iθθ̄∂_ξ−Ā + iχχ̄∂_ζ−Ā + + θ̄χ̄ ( −χ∂_ζ− ψ_L − θ∂_ξ− ψ_R − iF̄ + (θχ)∂_ξ− ∂_ζ−Ā ) , (A.3)

L^{2n}_∗ = ( 1 4 det C )_{n−1} F^{2n−2} [ −2n(θχ)ψ̄_Lψ̄_R + ( 1 4 det C ) F^2 ] , (A.4)

L^{2n+1}_∗ = ( 1 4 det C )_n F^{2n−1} ( −2niψ̄_Lψ̄_R + F.L ) , (A.5)

R^2_∗ = 2θ̄χ̄ ( −ψ_Lψ_R − χψ_L∂_ζ−Ā − θψ_R∂_ξ−Ā + (θχ)∂_ξ−Ā∂_ζ−Ā ) , (A.6)

R^n_∗ = 0 , for n > 2 . (A.7)

To begin, using the definitions of L and R given in eqns. (A.2), (A.3) we deduce the following result: R ∗ L = 1 2 θ̄ ( C^{00}ψ̄_L∂_ξ−Ā + C^{01}ψ̄_R∂_ξ−Ā ) − 1 2 χ̄ ( C^{01}ψ̄_L∂_ζ−Ā + C^{11}ψ̄_R∂_ζ−Ā ) − − χ̄θ ( ψ̄_Lψ_R − 1 2 C^{11}F ∂_ζ−Ā ) − θ̄χ ( ψ̄_Rψ_L + 1 2 C^{00}F ∂_ξ−Ā ) − − θ̄θ ( −ψ̄_Lψ_L + 1 2 C^{01}F ∂_ξ−Ā ) + χ̄χ ( ψ̄_Rψ_R + 1 2 C^{10}F ∂_ζ−Ā ) + + i 2 θ̄χ̄ ( C^{10}ψ̄_L∂_ζ− ψ_L + C^{11}ψ̄_R∂_ζ− ψ_L − C^{00}ψ̄_L∂_ξ− ψ_R − C^{01}ψ̄_R∂_ξ− ψ_R + + 1 2 (det C)F ∂_ξ− ∂_ζ−Ā ) − θ̄(θχ) (¯ ψ_R∂_ξ−Ā + F ψ_L ) − − χ̄(θχ) (¯ ψ_L∂_ζ−Ā − F ψ_R ) + +θ̄χ̄θ { i 2 ( −C^{11}∂_ζ− ψ_LF + C^{10}∂_ξ− ψ_RF −

− C^{01}ψ̄_L∂_ξ− ∂_ζ−Ā − C^{11}ψ̄_R∂_ξ− ∂_ζ−Ā ) + ψ̄_LF̄ } + +θ̄χ̄χ { i 2 ( C^{00}∂_ξ− ψ_RF − C^{10}∂_ζ− ψ_LF −

− C^{01}ψ̄_R∂_ξ− ∂_ζ−Ā − C^{00}ψ̄_L∂_ξ− ∂_ζ−Ā ) − ψ̄_RF̄ } + +θ̄χ̄(θχ) ( iψ̄_L∂_ζ− ψ_L + iψ̄_R∂_ξ− ψ_R − F F̄ ) . (A.8)

One can similarly obtain L ∗ R as given below: L ∗ R = − 1 2 θ̄ ( C^{00}ψ̄_L∂_ξ−Ā + C^{01}ψ̄_R∂_ξ−Ā ) + 1 2 χ̄ ( C^{01}ψ̄_L∂_ζ−Ā + C^{11}ψ̄_R∂_ζ−Ā ) − −χ̄θ ( ψ̄_Lψ_R + 1 2 C^{11}F ∂_ζ−Ā ) − θ̄χ ( ψ̄_Rψ_L − 1 2 C^{00}F ∂_ξ−Ā ) − −θ̄θ ( −ψ̄_Lψ_L − 1 2 C^{01}F ∂_ξ−Ā ) + χ̄χ ( ψ̄_Rψ_R − 1 2 C^{10}F ∂_ζ−Ā ) − − i 2 θ̄χ̄ ( C^{10}ψ̄_L∂_ζ− ψ_L + C^{11}ψ̄_R∂_ζ− ψ_L − C^{00}ψ̄_L∂_ξ− ψ_R −

− C^{01}ψ̄_R∂_ξ− ψ_R − 1 2 (det C)F ∂_ξ− ∂_ζ−Ā ) − −θ̄(θχ) (¯ ψ_R∂_ξ−Ā + F ψ_L ) − χ̄(θχ) (¯ ψ_L∂_ζ−Ā − F ψ_R ) − −θ̄χ̄θ { i 2 ( −C^{11}∂_ζ− ψ_LF + C^{10}∂_ξ− ψ_RF −

– 19 –

− C^{01}ψ̄_L∂_ξ− ∂_ζ−Ā − C^{11}ψ̄_R∂_ξ− ∂_ζ−Ā ) − ψ̄_LF̄ } − −θ̄χ̄χ { i 2 ( C^{00}∂_ξ− ψ_RF − C^{10}∂_ζ− ψ_LF −

− C^{01}ψ̄_R∂_ξ− ∂_ζ−Ā − C^{00}ψ̄_L∂_ξ− ∂_ζ−Ā ) + ψ̄_RF̄ } + +θ̄χ̄(θχ) ( iψ̄_L∂_ζ− ψ_L + iψ̄_R∂_ξ− ψ_R − F F̄ ) . (A.9)

From eqn. (A.8), one can notice that all the terms in R ∗ L, which depend on C^{αβ} (Lorentz non invariant) come with opposite signs to the ones in L ∗ R given in eqn. (A.9). However, other terms in R∗L independent of C^{αβ} come with the same sign as in L∗R. In particular, we notice that the following results hold true when we restrict ourselves to terms which are proportional to θ̄χ̄(θχ): L ∗ R|¯_{θχ̄θχ} = R ∗ L|¯_{θχ̄θχ} . (A.10) Using eqns. (A.8) and (A.9), one can also show the following: L^2_∗ ∗ R|¯_{θχ̄θχ} = L ∗ R ∗ L|¯_{θχ̄θχ} (A.11) = R ∗ L^2_∗|¯_{θχ̄θχ} , (A.12) R^2_∗ ∗ L|¯_{θχ̄θχ} = R ∗ L ∗ R|¯_{θχ̄θχ} (A.13) = L ∗ R^2_∗|¯_{θχ̄θχ} . (A.14)

Now, the combination in which L ∗ R appears in the action is [L ∗ R] = L ∗ R + R ∗ L, in which the terms proportional to C^{αβ} cancel out.

Further, using the definition of R given in eqn. (A.3) and the results in eqns. (A.4)– (A.5), the following identities can be proved: L^{2n}_∗ ∗ R|¯_{θχ̄θχ} = L ∗ R ∗ L^{2n−1}_∗ |¯_{θχ̄θχ} = · · · = R ∗ L^{2n}_∗ |¯_{θχ̄θχ} , (A.15) L^{2n+1}_∗ ∗ R|¯_{θχ̄θχ} = L ∗ R ∗ L^{2n}_∗ |¯_{θχ̄θχ} = · · · = R ∗ L^{2n+1}_∗ |¯_{θχ̄θχ} , (A.16) L^{2n}_∗ ∗ R^2_∗|¯_{θχ̄θχ} = L^{2n−1}_∗ ∗ R ∗ L ∗ R|¯_{θχ̄θχ} = · · · = R^2_∗ ∗ L^{2n}_∗ |¯_{θχ̄θχ} , (A.17) L^{2n+1}_∗ ∗ R^2_∗|¯_{θχ̄θχ} = R ∗ L^{2n}_∗ ∗ R ∗ L|¯_{θχ̄θχ} = · · · = R^2_∗ ∗ L^{2n+1}_∗ |¯_{θχ̄θχ} . (A.18)

Below, we give conclusive evidence for these identities.

1. First, we show that for terms with coefficient θ̄χ̄(θχ), the following result holds true: L^{2n}_∗ ∗ R|¯_{θχ̄θχ} = R ∗ L^{2n}_∗ |¯_{θχ̄θχ} . (A.19) From the definition of R given in eqn. (A.3) and the result for in eqn. (A.4), we can calculate the following:

R ∗ L^{2n}_∗ = ( 1 4 det C )_{n−1} F^{2n−2}(−2n)ψ̄_Lψ̄_R × × ( −i(θχ)θ̄ψ_L + i(θχ)χ̄ψ_R + i 2 ( C^{00}χθ̄ + C^{01}θθ̄ ) ∂_ξ−Ā − − i 2 ( C^{11}θχ̄ + C^{10}χχ̄ ) ∂_ζ−Ā + θ̄χ̄ ×

– 20 –

× {1 2 ( C^{11}θ + C^{10}χ ) ∂_ζ− ψ_L − 1 2 ( C^{01}θ + C^{00}χ ) ∂_ξ− ψ_R − i(θχ)F̄ − − ( 1 4 det C ) ∂_ξ− ∂_ζ−Ā }) + ( 1 4 det C )_n F^{2n}R . (A.20)

Similarly, one can also obtain:

L^{2n}_∗ ∗ R = ( 1 4 det C )_{n−1} F^{2n−2}(−2n)ψ̄_Lψ̄_R × × ( −i(θχ)θ̄ψ_L + i(θχ)χ̄ψ_R − i 2 ( C^{00}χθ̄ + C^{01}θθ̄ ) ∂_ξ−Ā + + i 2 ( C^{11}θχ̄ + C^{10}χχ̄ ) ∂_ζ−Ā + θ̄χ̄ × × { − 1 2 ( C^{11}θ + C^{10}χ ) ∂_ζ− ψ_L + 1 2 ( C^{01}θ + C^{00}χ ) ∂_ξ− ψ_R − i(θχ)F̄ −

− ( 1 4 det C ) ∂_ξ− ∂_ζ−Ā }) + ( 1 4 det C )_n F^{2n}R . (A.21)

Comparing the results in equations (A.20) and (A.21), one can infer that the identity given eqn. (A.19) holds true. Further, the identity in eqn. (A.19), seems to hold, even for other terms which neither depend on C nor on θ̄χ̄(θχ). However, these will not contribute to the action after integration over the grassmannian variables, and hence, are not interesting for our purposes. Now, from the identity (A.19) and using eqns. (A.20) and (A.21) it is possible to see that the following relations also hold true: L^{2n}_∗ ∗ R^2_∗|¯_{θχ̄θχ} = R ∗ L^{2n}_∗ ∗ R|¯_{θχ̄θχ} = R^2_∗ ∗ L^{2n}_∗ |¯_{θχ̄θχ} , (A.22) L^{2n+1}_∗ ∗ R|¯_{θχ̄θχ} = L ∗ R ∗ L^{2n}_∗ |¯_{θχ̄θχ} . (A.23) 2. Next, making use of the result given in eqn. (A.5), one can directly compute the following quantities:

R ∗ L^{2n+1}_∗ = ( 1 4 det C )_n F^{2n−1} [ −2niψ̄_Lψ̄_RR + F ( R ∗ L )] (A.24)

L^{2n+1}_∗ ∗ R = ( 1 4 det C )_n F^{2n−1} [ −2niψ̄_Lψ̄_RR + F ( L ∗ R )] . (A.25)

In general, the quantities in eqns. (A.24) and (A.25) are not equivalent. However, for terms with coefficient θ̄χ̄(θχ), the result in eqn. (A.10) can be used to see the equivalence of second terms and hence, the following identity can be established:

L^{2n+1}_∗ ∗ R|¯_{θχ̄θχ} = R ∗ L^{2n+1}_∗ |¯_{θχ̄θχ} . (A.26)

3. Similarly, from eqn. (A.5) one can also calculate the following quantities:

R^2_∗ ∗ L^{2n+1}_∗ = ( 1 4 det C )_n F^{2n−1} [ −2niψ̄_Lψ̄_RR^2_∗ + F ( R^2_∗ ∗ L )] (A.27)

L^{2n+1}_∗ ∗ R^2_∗ = ( 1 4 det C )_n F^{2n−1} [ −2niψ̄_Lψ̄_RR^2_∗ + F ( L ∗ R^2_∗ )] . (A.28)

– 21 –

Now, using the result given in eqn. (A.14) in eqn. (A.27), the following equivalence can be shown for terms with coefficient θ̄χ̄(θχ) :

R^2_∗ ∗ L^{2n+1}_∗ |¯_{θχ̄θχ} = L^{2n+1}_∗ ∗ R^2_∗|¯_{θχ̄θχ} . (A.29)

Moreover, from eqns. (A.24) and (A.26), one can also derive the following identities, when restricted to terms with coefficient θ̄χ̄(θχ) :

R^2_∗ ∗ L^{2n+1}_∗ |¯_{θχ̄θχ} = R ∗ L^{2n+1}_∗ ∗ R|¯_{θχ̄θχ} (A.30) L ∗ R ∗ L^{2n+1}_∗ |¯_{θχ̄θχ} = L^{2n+2}_∗ ∗ R|¯_{θχ̄θχ} . (A.31)

4. Now, we proceed to establish few more identities, which will ultimately lead to the proof of the result given in eqn. (A.1). First, using the result for L^{2m}_∗ given in eqn. (A.4) and also the result for R ∗ L^{2n}_∗ given in eqn. (A.20), we can compute the following quantity:

L^{2m}_∗ ∗ (R ∗ L^{2n}_∗ )|¯_{θχ̄θχ} = (1 4 det C )_{m−1} F^{2m−2} × × [ (−2m) ( 1 4 det C )_n F^{2n}ψ̄_Lψ̄_R(−iF̄ ) + ( 1 4 det C ) F^2 × × (−iF̄ ) (1 4 det C )_{n−1} F^{2n−2}(−2nψ̄_Lψ̄_R) + ( 1 4 det C ) × × F^2 (1 4 det C )_n F^{2n}∂_ξ− ∂_ζ−Ā ] . (A.32)

Independently, from the definition of L^{2n}_∗ in eqn. (A.4), one can also arrive at the following relation: L^{2m+2n} ∗ ∗ R|¯_{θχ̄θχ} = ( 1 4 det C )_{m+n−1} F^{2(m+n)−2}(−2m − 2n)(−iF̄ ψ̄_Lψ̄_R) + + ( 1 4 det C )_{m+n} F^{2(m+n)}∂_ξ− ∂_ζ−Ā . (A.33)

Comparing eqns. (A.32) and (A.33), one can see that the following holds true:

L^{2m}_∗ ∗ (R ∗ L^{2n}_∗ )|¯_{θχ̄θχ} = L^{2m+2n}_∗ ∗ R|¯_{θχ̄θχ} . (A.34)

5. In a similar way, using the result derived in eqn. (A.5) for L^{2n+1}_∗ , one can explicitly deduce that:

L^{2m+2n+1} ∗ ∗ R|¯_{θχ̄θχ} = [( 1 4 det C )_{m+n} F^{2(m+n)−1} ( −2(m + n)iψ̄_Lψ̄_R∂_ξ− ∂_ζ−Ā ) + + F ( iψ̄_L∂_ζ− ψ_L + iψ̄_R∂_ξ− ψ_R − F F̄ ) ] . (A.35)

– 22 –

On the other hand, using eqn. (A.4), one can also show that:

L^{2m}_∗ ∗ (R ∗ L^{2n+1}_∗ )|¯_{θχ̄θχ} = = ( 1 4 det C )_n F^{2n−1} [ −2niψ̄_Lψ̄_RL^{2m}_∗ ∗ R + F.L^{2m}_∗ ∗ R ∗ L ] |¯_{θχ̄θχ} = ( 1 4 det C )_n F^{2n−1} × × [ (−2in)ψ̄_Lψ̄_R ( 1 4 det C )_m F^{2m}∂_ξ− ∂_ζ−Ā + + F ( 1 4 det C )_{m−1} F^{2m−1} × × { (−2m)ψ̄_Lψ̄_Ri ( 1 4 det C ) F ∂_ξ− ∂_ζ−Ā + + ( 1 4 det C ) F^2 ( iψ̄_L∂_ζ− ψ_L + iψ̄_R∂_ξ− ψ_R − F F̄ )}] . (A.36)

Thus, comparing eqns. (A.35) and (A.36)we have:

L^{2m}_∗ ∗ (R ∗ L^{2n+1}_∗ )|¯_{θχ̄θχ} = L^{2m+2n+1}_∗ ∗ R|¯_{θχ̄θχ} . (A.37)

6. Now, using the definition of L^{2n}_∗ given in eqn. (A.4), one can deduce that:

L^{2(m+n+1)} ∗ ∗ R|¯_{θχ̄θχ} = ( 1 4 det C )_{m+n} F^{2(m+n)} × (A.38) × [ −2(m + n + 1)iψ̄_Lψ̄_R(−iF̄ ) + ( 1 4 det C ) F^2∂_ξ− ∂_ζ−Ā ] . On the other hand, using the definition of L^{2n+1}_∗ given in eqn. (A.5), one has:

L^{2m+1} ∗ ∗ R ∗ L^{2n+1}_∗ |¯_{θχ̄θχ} = ( 1 4 det C )_{m+n} F^{2(m+n)−2} × × [ −2miψ̄_Lψ̄_RF R ∗ L − 2niψ̄_Lψ̄_RF L ∗ R + + F^2L ∗ R ∗ L ] |¯_{θχ̄θχ} = ( 1 4 det C )_{m+n} F^{2(m+n)−2} × × [ −2miψ̄_Lψ̄_RF (−F F̄ ) − 2niψ̄_Lψ̄_RF (−F F̄ ) + F^2 × × {(1 4 det C ) F^2∂_ξ− ∂_ζ−Ā + 2iψ̄_Lψ̄_RF̄ }] . (A.39)

Comparing eqns. (A.38) and (A.39), one can see that:

L^{2n+1}_∗ ∗ R ∗ L^{2n+1}_∗ |¯_{θχ̄θχ} = L^{2(m+n+1)}_∗ ∗ R|¯_{θχ̄θχ} . (A.40)

– 23 –

7. To show that:

L^{2m}_∗ ∗ R ∗ L^{2n}_∗ ∗ R ∗ L^{2p}_∗ |¯_{θχ̄θχ} = L^{2(m+n+p)}_∗ ∗ R^2_∗|¯_{θχ̄θχ} , (A.41)

we directly calculate the following from the definitions of L^{2p}_∗ and R given in eqns. (A.4) and (A.3):

L^{2m}_∗ ∗ R ∗ L^{2n}_∗ ∗ R ∗ L^{2p}_∗ |¯_{θχ̄θχ} = (A.42) = ( 1 4 det C )_{m+n+p−3} F^{2(m+n+p)−6} [ −2m(θχ)ψ̄_Lψ̄_R + ( 1 4 det C ) F^2 ] ∗ R × × ∗ [ −2n(θχ)ψ̄_Lψ̄_R + ( 1 4 det C ) F^2 ] ∗ R ∗ [ −2p(θχ)ψ̄_Lψ̄_R + ( 1 4 det C ) F^2 ]

= ( 1 4 det C )_{m+n+p−3} F^{2(m+n+p)−6} [ −2(m + n + p) ( 1 4 det CF^2

)_2

ψ̄_Lψ̄_R ×

× (−2ψ_Lψ_R) + 2 ( 1 4 det CF^2

)_3 ∂_ξ− ∂_ζ−Ā ] . On the other hand, one can also calculate the following directly from eqn. (A.5): L^{2(m+n+p)} ∗ ∗ R^2_∗|¯_{θχ̄θχ} = ( 1 4 det C )_{m+n+p−1} F^{2(m+n+p)−2} × (A.43) × [ −2(m+n+p)ψ̄_Lψ̄_R(−2ψ_Lψ_R)+2 ( 1 4 det CF^2 ) ∂_ξ− ∂_ζ−Ā ] . 8. The following identity can be shown in an identical fashion:

L^{2m+1} ∗ ∗ R ∗ L^{2n}_∗ ∗ R ∗ L^{2p}_∗ |¯_{θχ̄θχ} = L^{2(m+n+p)+1} ∗ ∗ R^2_∗|¯_{θχ̄θχ} . (A.44)

9. Next, using the definitions of L^{2p}_∗ , L^{2n+1}_∗ and R given in eqn. (A.5), (A.4) and (A.3) one can directly calculate the following:

L^{2m+1} ∗ ∗ R ∗ L^{2n+1}_∗ ∗ R ∗ L^{2p}_∗ |¯_{θχ̄θχ} = = ( 1 4 det C )_m F^{2m−1} [ −2imψ̄_Lψ̄_R + F.L ] ∗ R ∗ ∗ ( 1 4 det C )_n F^{2n−1} [ −2inψ̄_Lψ̄_R + F.L ] ∗ R × × ∗ ( 1 4 det C )_{p−1} F^{2p−2} [ −2p(θχ)ψ̄_Lψ̄_R + ( 1 4 det C ) F^2 ]

= ( 1 4 det C )_{m+n+p−1} F^{2(m+n+p)−4} × × [ −2imψ̄_Lψ̄_R ( 1 4 det C ) F^3R ∗ L ∗ R − −2inψ̄_Lψ̄_R ( 1 4 det C ) F^3L ∗ R ∗ R + + F^2L ∗ R ∗ L ∗ R(−2p(θχ)) + ( 1 4 det C ) F^2L ∗ R ∗ L ∗ R ] |¯_{θχ̄θχ}

– 24 –

= ( 1 4 det C )_{m+n+p−1} F^{2(m+n+p)−4} × × [ −2imψ̄_Lψ̄_R ( 1 4 det C ) F^3(2i)ψ_Lψ_RF −2inψ̄_Lψ̄_R(2i)ψ_Lψ_RF ( 1 4 det C ) F^3 +

+ F^2 ( −2. ( 1 4 det C ) F^2ψ_Lψ_R ) (−2p) + ( 1 4 det C ) F^22 × × {( 1 4 det C ) F^2∂_ξ−Ā∂_ζ−Ā + 2ψ̄_Lψ̄_Rψ_Lψ_R }] . (A.45)

In deriving the above identity, we have made use of the following results: L ∗ R ∗ L ∗ R|¯_{θχ̄θχ} = R^2_∗ ∗ L^2_∗|¯_{θχ̄θχ} = 2 {( 1 4 det C ) F^2∂_ξ−Ā∂_ζ−Ā + 2ψ̄_Lψ̄_Rψ_Lψ_R } , L ∗ R ∗ L ∗ R|¯_{θχ̄} = −2. ( 1 4 det C ) F^2ψ_Lψ_R . (A.46)

Thus, one ends up with:

L^{2m+1} ∗ ∗ R ∗ L^{2n+1}_∗ ∗ R ∗ L^{2p}_∗ |¯_{θχ̄θχ} = ( 1 4 det C )_{m+n+p} F^{2(m+n+p)} × × [ 4(m + n + p + 1)ψ̄_Lψ̄_Rψ_Lψ_R + + ( 1 4 det C ) F^22∂_ξ− ∂_ζ−Ā ] |¯_{θχ̄θχ} = L^{2(m+n+p)+2}

∗ ∗ R^2|¯_{θχ̄θχ}. (A.47)

10. One can now go on and rigorously show that the following identity holds true as well (when restricted to terms with coefficient θ̄χ̄(θχ)):

L^{2m+1}

∗ ∗ R ∗ L^{2n+1}_∗ ∗ R ∗ L^{2p+1}_∗ |¯_{θχ̄θχ} = L^{2(m+n+p)+3}_∗ ∗ R^2_∗|¯_{θχ̄θχ} , (A.48)

In this manner, one finally arrives at the most general result that takes the form: L^m_∗ ∗ R ∗ L^n_∗ ∗ R ∗ L^p_∗|¯_{θχ̄θχ} = L^{(m+n+p)}_∗ ∗ R^2_∗|¯_{θχ̄θχ}, , (A.49) where m, n and p are all integers.

References

[1] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048].

[2] A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory:

compactification on tori, J. High Energy Phys. 02 (1998) 003 [hep-th/9711162]. [3] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys.

09 (1999) 032 [hep-th/9908142].

– 25 –

[4] M.R. Douglas and C.M. Hull, D-branes and the noncommutative torus, J. High Energy Phys.

02 (1998) 008 [hep-th/9711165].

[5] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics, J.

High Energy Phys. 02 (2000) 020 [hep-th/9912072].

[6] M. Van Raamsdonk and N. Seiberg, Comments on noncommutative perturbative dynamics, J.

High Energy Phys. 03 (2000) 035 [hep-th/0002186].

[7] R. Gopakumar, S. Minwalla and A. Strominger, Noncommutative solitons, J. High Energy Phys. 05 (2000) 020 [hep-th/0003160].

[8] L. Susskind, The quantum Hall fluid and non-commutative Chern-Simons theory,

hep-th/0101029.

[9] R. Dijkgraaf and C. Vafa, A perturbative window into non-perturbative physics,

hep-th/0208048.

[10] J. de Boer, P.A. Grassi and P. van Nieuwenhuizen, Non-commutative superspace from string theory, Phys. Lett. B 574 (2003) 98 [hep-th/0302078].

[11] H. Ooguri and C. Vafa, The C-deformation of gluino and non-planar diagrams, Adv. Theor.

Math. Phys. 7 (2003) 53 [hep-th/0302109].

[12] H. Ooguri and C. Vafa, Gravity induced C-deformation, hep-th/0303063.

[13] N. Seiberg, Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory, J. High Energy Phys. 06 (2003) 010 [hep-th/0305248].

[14] R. Casalbuoni, On the quantization of systems with anticommutating variables, Nuovo Cim.

A33 (1976) 115.

[15] J. H. Schwarz and P. Van Nieuwenhuizen, Speculations concerning a fermionic substructure of space-time, Lett. Nuovo Cim. 34 (1982) 21.

[16] S. Ferrara and M.A. Lledo, Some aspects of deformations of supersymmetric field theories, J.

High Energy Phys. 05 (2000) 008 [hep-th/0002084].

[17] D. Klemm, S. Penati and L. Tamassia, Non(anti)commutative superspace, Class. and Quant.

Grav. 20 (2003) 2905 [hep-th/0104190].

[18] R. Abbaspur, Generalized noncommutative supersymmetry from a new gauge symmetry,

hep-th/0206170.

[19] L. Cornalba, M.S. Costa and R. Schiappa, D-brane dynamics in constant Ramond-Ramond potentials and noncommutative geometry, hep-th/0209164.

[20] H. Kawai, T. Kuroki and T. Morita, Dijkgraaf-vafa theory as large-N reduction, Nucl. Phys.

B 664 (2003) 185 [hep-th/0303210].

[21] I. Chepelev and C. Ciocarlie, A path integral approach to noncommutative superspace, J. High Energy Phys. 06 (2003) 031 [hep-th/0304118].

[22] J.R. David, E. Gava and K.S. Narain, Konishi anomaly approach to gravitational F-terms, J.

High Energy Phys. 09 (2003) 043 [hep-th/0304227].

[23] L.F. Alday, M. Cirafici, J.R. David, E. Gava and K.S. Narain, Gravitational F-terms through anomaly equations and deformed chiral rings, J. High Energy Phys. 01 (2004) 001 [hep-th/0305217].

– 26 –

[24] R. Britto, B. Feng and S.J. Rey, Deformed superspace, N = 1/2 supersymmetry and (non)renormalization theorems, J. High Energy Phys. 07 (2003) 067 [hep-th/0306215].

[25] N. Berkovits and N. Seiberg, Superstrings in graviphoton background and N = 1/2 + 3/2 supersymmetry, J. High Energy Phys. 07 (2003) 010 [hep-th/0306226].

[26] S. Terashima and J.-T. Yee, Comments on noncommutative superspace, J. High Energy Phys.

12 (2003) 053 [hep-th/0306237].

[27] M. Hatsuda, S. Iso and H. Umetsu, Noncommutative superspace, supermatrix and lowest Landau level, Nucl. Phys. B 671 (2003) 217 [hep-th/0306251].

[28] S. Ferrara, M.A. Lledo and O. Macia, Supersymmetry in noncommutative superspaces, J.

High Energy Phys. 09 (2003) 068 [hep-th/0307039].

[29] J.H. Park, Superfield theories and dual supermatrix models, J. High Energy Phys. 09 (2003) 046 [hep-th/0307060].

[30] T. Araki, K. Ito and A. Ohtsuka, Supersymmetric gauge theories on noncommutative superspace, Phys. Lett. B 573 (2003) 209 [hep-th/0307076].

[31] R. Britto, B. Feng and S.J. Rey, Non(anti)commutative superspace, UV/IR mixing and open Wilson lines, J. High Energy Phys. 08 (2003) 001 [hep-th/0307091].

[32] M.T. Grisaru, S. Penati and A. Romagnoni, Two-loop renormalization for nonanticommutative N = 1/2 supersymmetric WZ model, J. High Energy Phys. 08 (2003) 003 [hep-th/0307099].

[33] R. Britto and B. Feng, N = 1/2 Wess-Zumino model is renormalizable, Phys. Rev. Lett. 91 (2003) 201601 [hep-th/0307165].

[34] A. Romagnoni, Renormalizability of N = 1/2 Wess-Zumino model in superspace, J. High Energy Phys. 10 (2003) 016 [hep-th/0307209].

[35] Y. Shibusa and T. Tada, Note on a fermionic solution of the matrix model and noncommutative superspace, Phys. Lett. B 579 (2004) 211 [hep-th/0307236].

[36] M. Chaichian and A. Kobakhidze, Deformed N = 1 supersymmetry, hep-th/0307243.

[37] O. Lunin and S.J. Rey, Renormalizability of non(anti)commutative gauge theories with N = 1/2 supersymmetry, J. High Energy Phys. 09 (2003) 045 [hep-th/0307275].

[38] E. Ivanov, O. Lechtenfeld and B. Zupnik, Nilpotent deformations of N = 2 superspace, J.

High Energy Phys. 02 (2004) 012 [hep-th/0308012].

[39] S. Ferrara and E. Sokatchev, Non-anticommutative N = 2 super- Yang-Mills theory with singlet deformation, Phys. Lett. B 579 (2004) 226 [hep-th/0308021].

[40] D. Berenstein and S.J. Rey, Wilsonian proof for renormalizability of N = 1/2 supersymmetric field theories, Phys. Rev. D 68 (2003) 121701 [hep-th/0308049].

[41] R. Abbaspur, Scalar solitons in non(anti)commutative superspace, hep-th/0308050.

[42] A. Imaanpur, On instantons and zero modes of N = 1/2 SYM theory, J. High Energy Phys.

09 (2003) 077 [hep-th/0308171].

[43] M. Alishahiha, A. Ghodsi and N. Sadooghi, One-loop perturbative corrections to non(anti)commutativity parameter of N = 1/2 supersymmetric U(N) gauge theory,

hep-th/0309037.

– 27 –

[44] A. Sako and T. Suzuki, Ring structure of SUSY ⋆ product and 1/2 SUSY Wess-Zumino model, Phys. Lett. B 582 (2004) 127 [hep-th/0309076].

[45] D. Mikulovic, Seiberg-Witten map for superfields on canonically deformed N = 1, D = 4 superspace, J. High Energy Phys. 01 (2004) 063 [hep-th/0310065].

[46] D. Friedan, Nonlinear models in two epsilon dimensions, Phys. Rev. Lett. 45 (1980) 1057. [47] L. Dabrowski, T. Krajewski and G. Landi, Some properties of non-linear σ models in noncommutative geometry, Int. J. Mod. Phys. B 14 (2000) 2367 [hep-th/0003099].

[48] H.O. Girotti, M. Gomes, A.Y. Petrov, V.O. Rivelles and A.J. da Silva, The three-dimensional noncommutative nonlinear σ model in superspace, Phys. Lett. B 521 (2001) 119 [hep-th/0109222].

[49] H.O. Girotti, M. Gomes, V.O. Rivelles and A.J. da Silva, The noncommutative supersymmetric nonlinear σ model, Int. J. Mod. Phys. A 17 (2002) 1503 [hep-th/0102101].

[50] I. Jack, D.R.T. Jones and N. Mohammedi, Ultraviolet properties of noncommutative non-linear σ-models in two dimensions, Phys. Lett. B 520 (2001) 405 [hep-th/0109015].

[51] J. Murugan and R. Adams, Comments on noncommutative σ-models, J. High Energy Phys.

12 (2002) 073 [hep-th/0211171].

[52] B. Zumino, Supersymmetry and Kähler manifolds, Phys. Lett. B 87 (1979) 203. [53] L. Alvarez-Gaumé and D.Z. Freedman, Ricci flat Kähler manifolds and supersymmetry, Phys.

Lett. B 94 (1980) 171.

[54] L. Alvarez-Gaumé and D.Z. Freedman, Kähler geometry and the renormalization of supersymmetric σ-models, Phys. Rev. D 22 (1980) 846.

[55] L. Alvarez-Gaumé and D.Z. Freedman, Geometrical structure and ultraviolet finiteness in the supersymmetric σ-model, Commun. Math. Phys. 80 (1981) 443.

[56] L. Alvarez-Gaumé, D.Z. Freedman and S. Mukhi, The background field method and the ultraviolet structure of the supersymmetric nonlinear σ-model, Ann. Phys. (NY) 134 (1981) 85. [57] L. Alvarez-Gaumé, Three loop finiteness in Ricci flat supersymmetric nonlinear σ-models, Nucl. Phys. B 184 (1981) 180.

[58] L. Alvarez-Gaumé and D.Z. Freedman, Potentials for the supersymmetric nonlinear σ-model, Commun. Math. Phys. 91 (1983) 87.

[59] U. Lindström and M. Roček, Scalar tensor duality and N = 1, N = 2 nonlinear σ-models, Nucl. Phys. B 222 (1983) 285.

[60] J. Gates, S. J., C.M. Hull and M. Roček, Twisted multiplets and new supersymmetric nonlinear σ-models, Nucl. Phys. B 248 (1984) 157.

[61] T.L. Curtright and C.K. Zachos, Geometry, topology and supersymmetry in nonlinear models, Phys. Rev. Lett. 53 (1984) 1799.

[62] E. Braaten, T.L. Curtright and C.K. Zachos, Torsion and geometrostasis in nonlinear σ-models, Nucl. Phys. B 260 (1985) 630.

[63] M. Ademollo et al., Dual string with U(1) color symmetry, Nucl. Phys. B 111 (1976) 77.

– 28 –

[64] H. Ooguri and C. Vafa, Selfduality and N = 2 string magic, Mod. Phys. Lett. A 5 (1990) 1389.

[65] H. Ooguri and C. Vafa, Geometry of N = 2 strings, Nucl. Phys. B 361 (1991) 469. [66] H. Ooguri and C. Vafa, N = 2 heterotic strings, Nucl. Phys. B 367 (1991) 83. [67] A. Kumar, A. Misra and K.L. Panigrahi, Noncommutative N = 2 strings, J. High Energy Phys. 02 (2001) 037 [hep-th/0011206].

[68] O. Lechtenfeld, A.D. Popov and B. Spendig, Open N = 2 strings in a B-field background and noncommutative self-dual Yang-Mills, Phys. Lett. B 507 (2001) 317 [hep-th/0012200].

[69] P. West, Introduction to supersymmetry and supergravity, World Scientific, 1986. [70] S. Kobayashi and K. Nomizu, Foundation of differential geometry, Interscience, New York, 1963.

[71] M. Ko, E.T. Newman and R. Penrose, The Kähler structure of asymptotic twistor space, J.

Math. Phys. 18 (1977) 58.

– 29 –